The Suzuki-Trotter formula has been used to get the mth approximant to the classical representation of the partition function of the one-dimensional N-spin 5=+ quantum spin systems. The equivalent two-dimensional (NX2m) Ising model with four-spin interactions has been studied in detail by using the numerically exact transfer-matrix method for T;;;;O.05 and m~8. The convergence properties have been examined in two different representations; checkerboard decomposition (CBD) and real-space decomposition (RSD). The spin correlation functions in RSD converge much faster than those in CBD. The limiting m --+ 00 behavior has been estimated from the extrapolation formula of the form:
on the basis of the generalized Trotter formula.
)
He then proved that ad-dimensional quantum system can be mapped onto a (d + I)-dimensional classical Ising system with four-spin interactions. Besides its intrinsic interest, formula (1· 2) is very appealing from the viewpoint of numerical studies on quantum statistical mechanics, because it is possible to calculate the thermodynamic properties with the knowledge of only eigenvalues and eigenstates of each Al without diagonalizing the full Hamiltonian ..9C. Since the pioneering work of Suzuki et al.,3) several quantum systems have been studied by performing Monte Carlo simulations on the equivalent classical systems.
quantum spin system described by the Hamiltonian:
where S/ is the spin operator on site i and N is the number of spins. We confine ourselves to the following three cases: (1) the ferromagnetic isotropic Heisenberg model ix=iy=iz=i;
(2) the antiferromagnetic isotropic Heisenberg model 
Over the years various results have been obtained for those models with the use of a wide variety of methods, both exact and approximate. The energy, specific heat, and susceptibility of the 1D ferromagnetic and antiferromagnetic Heisenberg models were estimated by Bonner and Fisher. 8 ) They used numerical method to diagonalize the full Hamiltonian for finite-size rings and chains, and extrapolated these results to the infinite systems. The present approach which diagonalizes only the local Hamiltonian At gives a very useful extrapolation scheme complementary to their finite-size extrapolation; the results extrapolated from finite Trotter size of m for effectively infinite chains are as exact as those extrapolated from finite-size rings and chains. The 1D XY model was solved analytically by Lieb et al. 9 ) and by Katsura,t°) independently. The preliminary result applied to this model has been reported earlier;ll) the limiting value of the energy obtained by the present method agrees with the exact solution except at extremely low temperatures.
The CBD representation is reviewed in §2 which gives the starting formulation of the numerically exact transfer-matrix method. In §3 the procedure for computation is given in detail. In §4 the results for energy and specific heat calculated in CBD are presented in conjunction with certain exact and/ or accurate numerical results. The results are also compared with Monte Carlo simulations. The RSD representation is reviewed in §5 and a proof is giyen for the equivalence of the thermodynamic properties in CBD and RSD. In §6 the results for the energy derived from the spin correlation functions are presented and the limiting m~OO behavior is examined. Summary and conclusions are given in §7. § 2. The CBD representation
The simplest classical representation is the checkerboard decomposition (CBD) introduced by Barma and Shastry.12) It decomposes the Hamiltonian into two parts:
where The partition function of the 2D Ising model with the structure shown in Fig. 1 can be computed by using the numerically exact transfer-matrix method. 6 ).
The slightly modified algorithm is as follows: Since we have periodic boundaries along the Trotter direction Si2m+l = Sil, the computation is recursively done one column after one along the original chain direction. We retain all 2 2m states of the first column {Sir} in the storage of the computer. Then we compute the first interaction exp[ -/3&(1, 1)] between the first and second columns with adding four states of 521 and 522. Since we have taken into account all interactions of 511 and 512 because of free chain, we now perform the trace over 511 and 512 keeping terms for all states of {Slr (r",d, 521, 522 . Then the second interaction exp[-/3J{(l, 3)] is considered, and the trace over 513 and 5 14 is performed. The remaining interactions are treated in the same --way. After completion of the interactions between the first and second columns the trace over all {Sir} is completed and all 2 2m states of the second column {S2r} are retained instead. We may now compute the interactions between the second and third columns and step by step take the trace over the second column {S2r}. The same procedure is carried out one column after one. Finally the trace is taken over the last column {SNr}. In this way we can obtain Zm CBD numerically for arbitrary temperature T, from which the free energy is given by
Only limitation of the present method.is the storage requirement for the factor 2 2m which prevents us from studying m larger than m=10, while there is much less difficulty to go to larger N.
We use the dimensionless units for the free energy 1= -F/ NkB T and the exchange interaction constant K=l/kBT. In these units we obtain: (1) the internal energy per spin
and (2) the specific heat per spin
The temperature dependences of E and C are obtained with good accuracy by computing the free energy for a set of neighboring temperatures and taking the derivatives numerically. In the following the temperature T will be defined in units of l/kB, the internal energy per spin E in units of l, and the specific heat per spin C in units of kB • lt should be noted that the case m=l in the above calculation is eqUivalent to the pair-product approximation of the Heisenberg model which has been solved exactly by Suzuki. Therefore we expect that the system with N ~ 129 is large enough to be treated eventually as N = 00 except at extremely low temperatures. The calculated energy and specific heat are presented in conjunction with certain exact and/or very accurate numerical results: (1) the exact solution of Katsura
10
) for the XY model; (2) the accurate numerical results of Bonner and FisherS) for the ferromagnetic and anti ferromagnetic Heisenberg models; and (3) the "experimental data" obtained by means of Monte Carlo simulations by Cullen and Landau.
)
The m=l calculation is also presented because it is equivalent to the pair-product approximation.
14 )
(1) Ferromagnetic Heisenberg model at most temperatures as m increases. We note that the low-temperature results benefit from the coincidence that the quantum system and all the classical approximations have the same ground-state energy. Nevertheless, at very low temperatures the quantum effects are poorly r~produced even when m=8. The specific-heat results are shown in Fisher value (solid line) with increasing m. The convergence is rapid and the actual estimate is quite good for temperatures T >0.30. However, the large difference between the ground-state energy of the quantum system and that of the different classical approximations emphasizes the failure to reproduce the strong quantum effects at extremely low temperatures. The specific-heat results are displayed in Fig. 5 . The progression toward the Bonner and Fisher results (solid line) is quite systematic and for m=8 we can see the peak in approximately the correct position. As expected from the energy results, the lowtemperature results for the specific heat are poor.
(3) XY model
The results for the energy and specific heat are presented in Figs. 6 and 7, and are / shown in conjunction with the exact solution of Katsura 10) and with the Monte Carlo results.
)
The general trends observed in the results are very similar to those seen already in the anti ferromagnetic Heisenberg model. Good agreement was obtained with the known values of energy and specific heat for moderate value of m so long as the temperature was not too low. Convergence to the correct values as a function of m was quite rapid except in the very-low-temperature region. However, at very low temperatures the convergence of the CBD representation was so poor that the strong quantum efiects were not reproduced up to the Trotter size of m=8. The pair-product approximation,14) which is equivalent to the m=l calculation, was found not to be a good approximation at low temperatures where quantum effects are important. 4 ) To overcome this difficulty it is required to select some other classical representations and/or physical quantities which show a rapid convergence. One of the candidates is the RSD representation, the convergence properties of which will be examined in the following sections.
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H. Betsuyaku § 5_ The RSD representation
Another classical representati~n is the real-space decomposition (RSD) introduced by SuzukL
I )
It regards the Hamiltonian as a sum of local two-site parts Vi as given by Eq. (1-3b) . Substituting Eq. (1-3b) It has been proved mathematically that Zm CBD transforms into Zm RSD in the case of free chain. 13 ) This transformation is easily seen by comparing Figs. 1 However, the correlation functions <s;aSf>(a=x, y, z) are not invariant for the transformation mentioned above and therefore the rate of convergence is expected to depend largely on the choice of the decomposition. Figure 9 shows the interrelation between <SiaSf>CBO and <SiaS/>RSO. It should be noted that the CBD destroys the elementary property that the ith spin is to the left of the (i + 1)th spin. l3 ) § 6. Energy derived from the spin correlation functions
Correlation functions between the center spin at site 0 and spin at site j as displayed in Fig. 9 were calculated numerically exactly by the transfer-matrix method. The algorithm of computation was very similar to the method reported earlier/> but slightly modified to calculate the correlations between the center spin specified and any other spins in the 2D lattice. Susceptibilities were obtained from the correlations. Results for the decay behavior of correlations and susceptibilities will be reported in a forthcoming article. The nearest-neighbor correlation is related with the internal energy: holds quite accurately for RSD; the same relation holds for CBD but less accurately at low temperatures because of slow convergence. The limiting energies are tabulated in Table  I ; these values are extrapolated from m=5, 6, 7, 8 for RSD, and from m=6, 7, 8 for CBD at low temperatures. The limiting energy in CBD is included in Fig. 11 (dashed line).
The agreement with the exact value is very excellent for RSD, which indicates that the strong quantum effects at very low temperatures are well reproduced by E
RSD •
However, the agreement is somewhat worse for CBD. This poor convergence of the correlation functions in CBD arises from the fact that this type of decomposition destroys the *) The values of Tr presented in Fig. 10 are different from those presented in Fig. 5 of Ref. 11) . This is because that the XZ model was used in the preliminary work and the energy was obtained from <SOzSIZ) by assuming the rotational symmetry; <SoxS1X)=<SOzSIZ). In the present work the XY model was used and the energy was obtained directly from <SOxSIX) and <SoYS1Y). Both models gave the same numerical values above Tr although the values of Tr were dependent on the model. elementary property that the ith spin is to the left of the (i + 1)th spin. 13 ) The extrapolation formula (6·2) is seen to be complementary to the finite-chain extrapolation of Bonner and Fisher;8) the properties of infinite chain can be estimated from those of finite chains by using a relation of the form:
Their numerical method is to diagonalize the full Hamiltonian for finite chains, which corresponds to m=oo. This complementarity reflects the fact that the matrix elements (2·6) are symmetrical with respect to i and r. Recently Suzuki 15 ) has proved rigorously that the convergence rate of the classical representations is proportional to (l/m)2.
The specific heat was obtained by differentiating E RSD numerically with respect to T. The results are shown in Fig. 13 . As expected from the energy results, they The rapid convergence of E RSD as well as the presence of the extrapolation scheme confirms the surmise of Suzuki et a1. The transfer-matrix method has been used to study the 2D Ising models equivalent to the ID quantum spin systems through the Suzuki-Trotter transformation. Convergence properties have been examined in two different representations; checkerboard decomposition (CBD) and real-space decomposition (RSD). The rates of convergence of the thermodynamic quantities are the same in the both representations. Nevertheless, the spin correlation functions in RSD converge much faster than those in CBD. This is because the elementary property is destroyed in CBD that the ith spin is to the left of the In conclusion, the present study has realized the hope of Suzuki et al.
3
) that good.
numerical estimates could be obtained from the calculations with moderate value of m.
The basic reason for the success has been the selection of the classical representation and thermodynamic quantity which show a rapid convergence in actual application of the Suzuki-Trotter formula. It is to be hoped that the information obtained from tl;:te present study provides meaningful guide for constructing a particular Monte Carlo algorithm to perform simulations on more complicated quantum systems. The present method can be applied with slight modifications to other 1D quantum system, such as fermion lattice model and Hubbard model. The results will appear in the near future.
